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The purpose of this paper is to report that a weighted upstream ticheme for the gas-
lubricated Reynolds equation is stable and highly precise for a wide range of bearing 
number A. The following two methods for calculating the weight of the upstream are 
presented: (1) the exponential method-the weight is given by analytical integrations 
of a one-dimensional Reynolds equation, and (2) the stabilization method--the weight 
is given by the condition under which the one-dimensional discretized equation for node 
pressure is stable. The optimum weights for infinitely long-stepped slider bearing are 
investigated and are certified that the optimum weight for a one-dimensional case is the 
optimum weight for a two-dimensional case too. It has been clarified that the stabilization 
method is more precise and economical than the exponential method. 
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In the last paper I ), a gas lubricated flow in a high A region was studied, and a stable 
discretization scheme with coarse meshes was presented. In a high A region, the discretization 
sclieme is obtained usually by integrating the mass flux equation composed of Poiseuille flow 
and Couette How. In reference 1), however, the auther gave a particular treatment which differs 
from all the other methods by cOllsidering the difference of influence 011 pressures induced by 
Poiseuille How and Couette flow, respectively. Thus, the present work is to develope a computing 
program available in a wide range by applying the curvilineal coordinate. 
It was assumed in reference 1) that for Poiseuille flow the pressures and dentiity distributions 
between nodes are to be linear, and that for Couette flow, because of the relative slide motion 
between two bearing surfaces, the density at the node is iufluenced more strongly by node at 
upstream than at downstream, hence, a discreted upstream scheme is suitable. This scheme 
has a high precise in a high A region, however, in a low A region, the error of calculation will 
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enlarge. In fact, the bearing number A is in inverse proportion to a square film thickness, 
which makes the value of A vary greatly by different locations. Therefore, a scheme with high 
accuracy in a wide ranged A value is required. 
To obtain a density distribution between nodes with high accuracy, there are two ways to 
be selected: (1) considering the influence upon the density acted not only by the neighboring 
nodes, but by the nodes other than neighborhood, then a high-degree equation will be applied 
for approximation; and (2) considering a weight of density exists between nodes. For (1), the 
influence by the nodes other than heighborhood will make a variety of the distances between 
nodes because of the high-degree equation. Moreover, a particular treatment will be required 
by the section on which the film thickness has a sharp change and. the differential of pressure has 
no definition. Therefore, the application of (1) is quite limited. In this paper, more attention 
is paid to the second method to set up a high precise upstream scheme by considering a weight 
of density between nodes. Firstly, the optimum weight is decided by both the exponential 
method (the value of weight is given by integrating the one-dimensional conservative equation 
of flux directly) and the stabilization method (the weight is given under the condition that the 
one-dimensional discreted equation for node pressures is stable) . Next, the optimum weight is 
used in a taper flat slider bearing to identify the availability in a two-dimensional case. Major 
signals adopted in this paper are listed in the following nomenclature: 
Nomenclature 
c 
ho 
h 
H 
L 
M x ,A1y 
ATc 
Pa 
P 
p 
Qx 
U 
x,X 
y,Y 
c 
w 
P 
/1 
A 
weight of the upstream scheme 
standard dimension of film thickness 
film thickness 
normalized film thickness 
length of slider bearing 
numbers of division on X and Y directions, respectively 
interval of recalculation for c 
ambient pressure 
film pressure 
normalized pressure = pi Pa 
normalized mass flux on X direction = qx(1211LI PahOPa) 
relative slide velocity of slider bearing 
coordinate x, X = x I L 
coordinate y, Y = y I L 
a constant in Eq.(10) of the exponential method 
a constant in Eq.(13) of the stabilization method 
width of grid 
criterion number of convergence 
relaxation factor 
density of gas 
viscosity of gas 
bearing number = 6/1U L/Pah02 
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2. One-Dimensional Case 
2.1 Upstream Scheme with Weight 
An infinitely long stepped slider bearing of arbitrary film thickness is concerned. The 
lubricated domain is divided at regular intervals and a part, as shown in Fig.1,is considered. 
The X-axis is taken in the direction of slide motion, and the mass flux Qx is expressed as 
follows: 
Q 3 dP x=-H PdX+AHP (1) 
To obtain the flux Qw on section w, we assume that for the first tern on the right hand side of 
6X 
w w P~e 
IJ 
E 
Fig.1 One-dimensional film thickness 
x 
Eq.(l), the pressure gradient which induces a Poiseuille flow is linear between sections Wand 
P; and for the second tern which induces a Couette flow, the pressure Pw is influenced mostly 
by upstream nodes. Thus a weight Cw can be used to determine Pw: 
p _ 1 + Cw P 1 - Cw R 
w- 2 w+ 2 p (2) 
where cw has the value ranged from 0 to 1. Cw = 0 for the scheme with linear pressure 
distribution, and Cw = 0 for the simple upstream scheme introduced by reference 1). Therefore, 
we derive the expression of Qxw: 
Qxw ( H;Pw AH ,1 + Cw) P .6.X + \\ 2 w 
( H; P w _ AH 1 - cw) P .6. X w 2 p (3) 
QXe can be expressed similarly, and the continuity equation of mass flux Qxw = QXe is obtained: 
( H~Pw H;Pe _ AH 1 - Cw AH 1 + Ce) R .6.X + .6.X w 2 + e 2 p 
= (H~Pw AH 1 + cw) P (He3 Pe _ AH 1 - ce) p ~X + w 2 w +.6.X e 2 E (4) 
The details of exponential method and stabilization method are introduced as follows. 
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2.2 Exponential Method 
It is assumed that, on the right hand side of Eq.( 1), both H3 P in the first tern and AH 
in the second tern keep constant in the domain W-P. Thus the items (H3 P)w and (AH)w will 
satisfied the conservative mass equation dQ x / dX = 0 on section w, i.e. 
(5) 
Integrating Eq.( 5) within the boundary condition: 
P = Pw if X = 0 } 
P = Pp if X = .6.X (6) 
we have 
eAX/b..X - 1 
P = Pw + A (Pp - Pw ) 
e - 1 
(7) 
where 
(8) 
Let X = .6.X/2, Eq.(7) becomes the equation of pressure PW ' Furthermore, let this equation 
equal to Eq.(2), the weight c is obtained as 
c = tanh{A/4) (9) 
Considering a parameter a e in Eq.(9), c is expressed as following 
c = tanh(ae A/4) (10) 
A relation between A and c is shown in Fig.2 induced by the exponential method. It is 
clear in Fig.2 that if both A and a e have great values, the weight c will tend to 1, which means 
Fig.2 Relation between A and c by the exponential method 
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a simple upstream scheme (c = 1) with stability. Inversely, the case that the values of both 
A and Q: e are quite small will lead to a linear approximation (c = 0) which usually causes an 
unnatural waving of pressure distribution. 
The optimum values of Q: e for the infinitely long slider bearing with different values of A 
are obtained by the exponential method. Fig.3 shows the influences of Q: e on pressure with 
different A, in which the dashed line express the pressure PX=O.5 in a low A region, and the 
solid lines 
~,.....0.5 
Px=O.5 Px=0.9 
Exact solution 
Exponential 
method 
(MX=lO) 1\=1000 
4.0 ~~~----------------~----~ 
3.0 
100 
10 
1. 0 ~....L..----Io_""""'--L_..I..-.--'----IL-.-""""----Io----' 
0.0 1.0 2.0 
Fig.3 Effect of Q:e on pressure in a case of one-dimensional 
express the pressure PX =O.9 in a high A region. A=10,50,100,200,1000,respectively, and the 
division number Mx = 10. It is obvious in Fig.3 that within the values of Q: e < 1, PX =O.5 
is near the exact solution while the pressure PX=O.9 is in possible of unnatural waving within 
fie < 0.5 and tends to be quite different to the exact solution within Q:e > 1. Hence, the 
following domain of Q:e is considered available: 
(11 ) 
where a value of Q: e around 0.6, although having a reasonable precise, may induce the unnatural 
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waving of pressure distribution. It is suggested that the value of Q e around 1 should be available 
for a stable calculation. 
In addition, there are several ways used to calculate (H3 P)w and (AH)w by, such as applying 
a linear approximation of pressure or an average pressure, and so on. Here the film thickness 
Hw at section wand the average pressure between Pw and Pp are adopted to decide the both 
items. 
2.3 Stabilization Method 
In a high A region, the coefficient of PE in the second term on the right hand side of Eq.( 4) 
becomes a negative value which causes an unnatural waving of pressure distribution. The 
following expression can be used to keep the coefficient of PE positive 
c 2: 1 - 2/ A (12) 
Moreover, the weight of upstream scheme may be written as 
c = max(l - 2Q s / A, 0) (13) 
where as is a constant. The relation between A and c is shown in Fig.4 induced by the 
stabilization method. It is verified in FigA that for the case of eigher A having a great value 
or Q s having a small value, the weight c will tend to 1, which means a simple upstream scheme 
(c = 1) with stability. Inversely, the case of a small numbered A with a great numbered Q e will 
lead to a linear approximation (c = 0) which usually causes an unnatural waving of pressure 
distribution. 
Fig.4 Relation between A and c by the stabilization method 
Similar to the exponential method, the optimum values of Q s for the infinitely long slider 
bearing with different values of A are obtained. Fig.5 gives the influences of Q s on pressure with 
different A in which the dashed line express the pressure PX =O.5 , and the solid lines express 
the pressure Px=o.g. It is clear from Fig.3 that within the values of Q s > 0.4, PX =O.5 is near 
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the exact solution while the pressure PX=O.9 is in possible of unnatural waving within a c > 1.2. 
Hence, the following domain of as is considered 
0.7 < as < 1 (14) 
where 
as = 0.85 (15) 
is recommended to be optimum. In fact, the case of as < 1 is available and will not cause the 
pressure distribution an unnatural waving which, however, appears easily by the exponential 
method. 
Exact solution 
Stabilization 
method 
(MX=10) A=1000 
4.0t=======------~~~~--~ 
0.. 
3.0 
2 • 0 t;:::z=====:::;;;;::::::::::;;~==t:::;=======1 
1.0 2.0 
Fig.5 Effect of as on pressure in a case of one-dimensional 
The results induced by the exponential method (a e = 1), the stabilization method and 
the simple upstream scheme,respectively, are shown in Fig.6 and the differences to the exact 
solution are compared. It is certain from Fig.6 that the maximum error of calculation by the 
stabilization method is only 0.04 while by the exponential method a error of -0.3 appears 
nearby the fiowout section. The error of calculation by the simple upstream scheme is even 
much greater than the other two methods in the whole calculating domain. 
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Table 1 lists the cpu times and iterations required by those three methods mentioned above. 
The SOR iteration method is adopted and the calculation is carried out on a PC-9801 Ym 
computer. The following convergence criterion about pressure is applied 
Mx 
LbPi2 < C (16) 
i=l 
where c = 10-9 . It is shown in Table 1 that inspite of the similar iterations, the cpu time 
(the computation time of tanh functions) required by the exponential method is more than 
two times of that by the stabilization method and is nearly five times of that by the simple 
upstream scheme. 
As a result, the stabilization method is superior to the exponential method in both calcu-
lating accuracy and economization. 
Fig.6 
+-' 
U 
to 
X 
<1l 
Cl.. 
I 
Cl.. 
~.5 0.5 Simple ~ upstream '<t scheme 
~ Stabilizatio 
h=200 method 
MX=lO 
~ Exponential 
method 
Comparision of computation errors about the three methods in 
one-dimensional case 
Table 1 Computation time in a one-dimensional case (A = 200, Mx = 10) 
MeLhod Cpu time Number of (PC980IVm) iteration 
Simple upsLream 1.5s 2(5 scheme 
Exponenli a I 7.2s 258 method 
Stabi I ization 3.ls 268 method 
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3. Two-Dimensional Case 
The optimum weight for one-dimensional case has been obtained in the last chapter by both 
the exponential method and stabilization method. In this chapter, we will certify the suitability 
of the obtained optimum weight in a two-dimensional case, i.e., a taper flat slider bearing (Fig.7) 
introduced in reference 1). However, to consider the effect of a weight of upstream scheme, we 
have to ignore the influence caused by the slipping of fluid along the solid boundaries. The 
computatioal method is quoted from reference 3). Since it is impossible to get the exact solution 
in a two-dimensional case, the numerical accurate solution, induced by the stabilization method 
within the division number (1\1x x My) = (20 x 120) and Qs = 0.85, is set to be a substitute of 
the exact solution as standard. In all of the other cases, the division number is (20 x 20), and 
the fine meshes are adopted around both the parts of taper and flat. 
Fig.8 shows the influences of Qe on pressure in a two-dimensional case with A=100 and 
1000 in which the dashed lines express the pressure PF=O.2 in a low A region, and the solid 
lines express the pressure PY =O.96 in a high A region. It is known in Fig.8 that within the 
values of Qe, the difference between the pressures induced by both the exponential method and 
the stabilization method at Y = 0.2 develops gently and is fairly small with Qe = 0.6 rv l. 
Moreover, this difference is very small and almost keeps the same value in the case of A = 100. 
N 
" ::I:: 
B/L=O.l 
~--~~------------~------,L~Y ~ 
U 
Fig.7 A taper flat slider bearing 
It is also noticed that the pressure PY =O.96 rises rapidly by the decrease of Qe(especiall:y in the 
case of a high A), which is caused by the unnatural waving. However, the pressure PY =O.96 
induced by the exponential method does not vary too much within Qe = 0.6 rv 1 and even 
has the same value as the accurate solution in the case of A = 1000. Fig.9 gives the influence 
of Qs on pressures obtained by the stabilization method in a two-dimensional case, in which 
the pressures vary gently within Qs = 0.7 rv 1 and are little different to the accurate solution. 
According to the results in Fig.8 and Fig.9, the optimum regions of a e ) defined in Eq.(ll), and 
Qs in Eq.(14) are available in a two-dimensional case. 
The pressure distributions induced by the exponential method (oe = 1, with ,6, marks), the 
stabilization method (Qs = 0.85, with 0 marks) and the simple upstream scheme (c = 1, with 
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x marks)~ respectively, along the central line of a slider are presented in Fig.lO. It is clear from 
Fig.lO that the result by the stabilization method is most near the accurate solution. Table 2 
gives the cpu times and the number of iterations required by those three methods related to 
Fig.l0 . The convergence criterion (Eq.(16)) within E = 10- 5 is adopted and the calculation 
is carried out on a PC-9801 Vm computer. It is shown in Table 2 that inspite of the similar 
iterations, the cpu time required by the exponential method is more than three times of that 
required by the simple upstream scheme while the cpu time required by the stabilization 
a.. 
2.1 
2.0 
1.9 
1.8 
1.7 
l.2 
~ PY o O.1 
Accurate solution __ _ 
(Mx=20.My=120) 
Exponential 
method 
(MX=20.My=20) 
~-~-~_·-T------­
,------
A=1000 
1. 1 r----";::=:OO"'-......:::=4=============t 
1.0~~~~~~~~--~~--~~ 
0.0 1.0 2.0 
Fig.S Effect of Qt on pressure in a two-dimensional case 
method is a little more than two times of that required by the simple upstream scheme. There-
fore, the stabilization method is superior to the exponential method in both the calculating 
accuracy and the economization in a two-dimensional case. 
All the results introduced above are carried out by using the SOR iteration method within 
the relaxation factor w = 1. Table 3 gives the cpu time and the number of iteration required in 
the calculations by the stabilization method (A = 1000, Q: s = 0.85) within different relaxation 
factors 1.1.-' not equaled to 1. Table 3 shows that in the case of w = 1.06 ,......, 1.07, the calculations 
converge \"lith the least cpu time which is only 63% of that spent with w = 1. Furthermore, in 
each iteration for calculating the pressure, a new weight c of upstream scheme is computed by 
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the SOR method and the former pressure obtained at the last iteration is adopted, in which it 
is considered to be possible to save the cpu time by increasing the interval Ne properly (Table 
4). In Table 4, the case of l\'c = oc means that during the whole procedure of calculation the 
weight c is computed only one time before the iteration of pressure and is not renewed anymore. 
In such a case, the iteration time is reduced and an error of 0.4 % in pressure calculation exists. 
PY=0.2 PY=0.96 
2.1 
2.0 
1.9 
1.8 
1.7 
1.21-
Accurate solution __ _ 
(MX=20,My=120) 
Stabil ization 
method 
(MX=20,My=20) 
,/'----
1\=1000 
100 
1.1 E~~-~'-~~-;~~;:~==~=~~-~~===~~ 
1.01 1 
0.0 
I I I I I I 
1.0 
I 
2.0 
Fig.9 Effect of Q s on pressure in a two-dimensional case 
Table 2 Computation time in a two-dimensional case 
(A = lOOO.'s = 10-5 ) 
Method Cpu lime Number of (pe980 I Vm) iteration 
Simple upstream 1m 34s 122 scheme 
Exponen t i a I 5m 12s 121 method 
S ta b iii za t i on 3m 39s 120 met.hod 
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0.05 
MX=20 
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I 
a. 
-0.2 
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-0.01 
-0.02 
0.0 
--e--Stabil ization 
method 
--6-- Ex ponent i a 1 
method 
/1."=100 
0.5 y 1.0 
Fig.10 Difference of pressure (P - Paccu .) to the accurate solution 
(Mx = 20, My = 120) on the axis of slider 
Table 3 Effect of the relaxation factor w on cpu time and iteration 
number (by the stabilization method, Q s = 0.85, A = 1000, E = 10-5 ) 
Reiaxfalion 1.0 1.01 1.02 1.0:1 1.04 1.05 1.06 1.07 1.08 r.OS 1.1 paramclcrw 
Number of 120 II:! lOS 98 no 83 75 75 83 94 108 iterat.ion 
Cpu lime 311139s 3m2Ss 3ml4s 2II159s 2II145s 2m.12s 2m18s 2m17s 002s 2m525 3m17s 
<PC980IVIII) 
Table 4 
Rei axat ion 
parameterc.o 
N c 
Number of 
ileration 
Cpu lillie 
(PC9801 V.) 
PY=0.2 
PY=O.96 
Effect of the interval Nc on cpu time~ number of iteration and 
pressure in the calculation of c (by the stabilization method, 
O:s = 0.8.5, A = 1000, E = 10- 5 ) 
I. 07 1.07 1.07 1.07 I. 07 1.07 1.07 1.07 1.07 
2 5 10 15 20 30 40 50 00 
74 74 74 74 72 77 88 93 78 
1 .. :lGs 1 .. 13s )m06s 1II02s 1.00s 1.02s 1.11s Iml3s 57s 
2.0015 2.0015 2.0015 2.0015 2.0015 2.0015 2.0015 2.0014 1.9987 
1.7(;28 1.7628 1.7628 1.7828 1.7828 1.7628 1.7628 1.7627 1.7578 
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In the other cases~ the results almost keep the same within different Nc . Particularly, calculation 
with Ne = 20 only requires 1 minute that is 44% of what the case of Ne = 1 requires and is 
28% of what the case of w = 1, Ne = 1 does. 
4. Conclusions 
In this paper, a numerical analysis of Reynolds equation for gas-lubrication is presented at 
a high A region. In order to have a stable and high precise result, the weight c of upstream 
scheme is adopted by 
1. the exponential method: the weight c is given by analytical integrations of a one-dimensional 
Reynolds equation, and 
2. the stabilization method: the weight is given by the condition under which the one-
dimensional discretized equation for node pressures is stable. 
As an application, the infinitely long stepped slider bearing is studied and the optimum weight 
c is obtained by the following expression 
Exponential method 
Stabilization method 
c = tanh(A/4) } 
c = rnax( 1 - 1. 7/ A, 0) (17) 
It is verified that the stabilization method is superior to the exponential method in the aspects 
of both calculating accuracy and economization. 
By applied in a taper flat slider bearing, it is certified that the optimum weight induced from 
the case of one-dimensional is the optimum weight for the case of two-dimensional. Finally, 
the influences of the relaxation factor wand the recalculation number Ne on iteration time are 
investigated in which the optimum calculation procedure requires the least iteration time that 
is 1/4 of the normal. 
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